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Let A be any set equipped with a binary operation, which is written multiplicatively.
Let K be a field. We shall call a character of A in K any mapping A — K which
preserves multiplication and is not identically zero; Char(A, K) will denote the set of all
characters of A in K. The set of all maps A — K can be made into the vector space K4
over K, with the vector space operations defined pointwise.

Theorem 1 (Dedekind). Let A be a set with a (multiplicative) binary operation, and let K
be a field. Then Char(A, K) is a linearly independent subset of the vector space K* over K.

Proof. Let us have distinct characters x1,. .., xn € Char(A, K), n > 1, and suppose that
ajx1+- -+ apxn = 0 (1)

with aq, ..., a, € K; we will show, by induction on n, that all coefficients aq, ..., a, must
be 0. For n =1 choose © € A at which y1(x) # 0 to see that aix1(x) = 0 implies a; = 0.
Now suppose that n > 1. Since x1 # xn, there exists y € A such that x1(y) # xn(y).
Evaluate (1) at = and yz, for an arbitrary x € A:

ale(x) +o 4+ aan(x) =0,
arx1(y)x1(x) + -+ apxn(y)xn(z) = 0.

Subtracting the first equality multiplied by x,(y) from the second equality, and taking into
account that x can be any element of A, we obtain

ar(x1(¥) = xn@)x1+ -+ an—1(Xn-1¥) = Xn(¥)) Xn-1 = 0.

By induction hypothesis all coefficients of the linear combination on the left hand side
must be 0; in particular, a; must be 0. But then the left hand side of (1) is a linear
combination of n — 1 characters, hence as = - -- = a,, = 0 by induction hypothesis. U

In the proof above we did not need any properties of the operation on A whatsoever.
However, the multiplicative structure of K is that of a commutative monoid; therefore,
if ~ is the least congruence on A that makes the operation of the quotient structure A/~
commutative and associative, then every character of A in K factors through A — A/~
to give the correponding character of the commutative semigroup A/~ in K. Because of
this we may always assume that A itself is already a commutative semigroup (but we do
not need to). Usually, A will be a commutative monoid; in such a case every character of A
in K will map the neutral element of A to 1 (i.e. it will be a homomorphism of monoids),



since the only other possibility is that the neutral element of A would map to 0, thus every
element of A would map to 0, so we would have the zero mapping which is not a character.

Note that a character, as we have defined it, is not required to have only nonzero
values, it suffices that it attains at least one nonzero value. For example, if A is a commu-
tative monoid and U is the set of invertible elements of A, then the characteristic function
xv: A — K, mapping elements of U to 1 and other elements of A to 0, is a character;
in particular, the mapping xo: N — K : n + 0" (where 0° = 1) is a perfectly respectable
character of the additive monoid N in K. However, every character of a monoid A in K
maps invertible elements of A to nonzero elements of K; thus, if A is a group, then a
character of A in K is a homomorphism of the group A into the multiplicative group K*
of all nonzero elements of the field K.

The Dedekind’s theorem has well-known applications in Galois theory, and not only
there. We will show how it can be used to determine the dimension of the vector space K’
over a field K (consisting of all maps I — K) when [ is an infinite set. If this result
manages to infiltrate an algebra textbook at all, it finds itself tucked away out of sight as
an exercise, without any clear indication that it can be obtained using Dedekind’s theorem.

Proposition 2. Let K be a field and I an infinite set. Then dimg (K') = |K'| = |K]m.

Proof. Let M = I-N be the coproduct of I copies of the additive monoid N, in the category
of commutative monoids. One of incarnations of M is the additive monoid of all formal
linear combinations ), .; n, -t with coefficients n, € N nonzero for only finitely many ¢ € I.
The general form of a character of M in K is xg: Y., n,-t — [[, «, for an arbitrary
x € K!. The characters y, and Xy corresponding to different z,y € K I are distinct, since
xy, # Yy for some k € I, hence x;(1-k) = x, # Y = Xy(1-K£). We know that |M| = |I|, so
there is a bijection ¢: I — M; but then Dedekind’s theorem tells us that x, o o, € K,
are linearly independent elements of K7. We have shown that dimz (K7') > ‘K I ‘; the other
inequality, dimg (K7') < ‘K 4 ‘7 is of course evident. O

Note that Proposition 2 is a theorem in ZFC: we have the equality of cardinals | M| = |I|,
hence the existence of a bijection M — I, courtesy of the axiom of choice.



